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Yi = µi + σεi, i = 1, . . . , nYi = µi + σεi, i = 1, . . . , nYi = µi + σεi, i = 1, . . . , n

ε1, . . . , εn ����������� N (0, 1)ε1, . . . , εn ��������� � N (0, 1)ε1, . . . , εn ��������� � N (0, 1)

!�"$#&%('*) �&+-, � % .0/21 � /034#&%65 7
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(
Yi,X

1

i , . . . ,X
p
i , p ≤ n

)
, i = 1, . . . , n

(
Yi,X

1

i , . . . , X
p
i , p ≤ n

)
, i = 1, . . . , n

(
Yi, X

1

i , . . . , X
p
i , p ≤ n

)
, i = 1, . . . , n

D +E��F #&% m = {i1, . . . , ik} ⊂ {1, , . . . , p}m = {i1, . . . , ik} ⊂ {1, , . . . , p}m = {i1, . . . , ik} ⊂ {1, , . . . , p}

m ↔ Sm =
% � . �

{
~X~X~Xj, j ∈ m

}
m ↔ Sm =

% � . �
{

~X~X~Xj, j ∈ m
}

m ↔ Sm =
% � . �

{
~X~X~Xj, j ∈ m

}

~µ~µ~µ ∈ Sm ↔ ~µ~µ~µ = ~µ~µ~µm =
∑

j∈m βj
~X~X~Xj~µ~µ~µ ∈ Sm ↔ ~µ~µ~µ = ~µ~µ~µm =

∑
j∈m βj

~X~X~Xj~µ~µ~µ ∈ Sm ↔ ~µ~µ~µ = ~µ~µ~µm =
∑

j∈m βj
~X~X~Xj

G /H5 + 1 �I+-,J, " 7
K ; 7L1M"$NO1P%65A5 �&+-, =Q+ #SR ,I+ D � /0#&%-T µi = µ(xi)µi = µ(xi)µi = µ(xi)

T
Xj

i = xj−1

iXj
i = xj−1

iXj
i = xj−1

i �
kkk
T
mk = {1, . . . , k}mk = {1, . . . , k}mk = {1, . . . , k} T k = 1, . . .k = 1, . . .k = 1, . . .G /H5 ,I+U, + 1 �I+-,J, " 7 kkk T Ck

pCk
pCk
p k−k−k− V = #&%W)M5 =X+ 5A5 � 34#&%65
Y



K 5 ) � D %W1 V , 5 � N , /0#
% , '98 +:� 5 � 5A5C/ , ) #B/ D % � #&#&% V 1P% = /21C) � ) �&+-,
(Yi, xi)(Yi, xi)(Yi, xi)

T
i = 1, . . . , ni = 1, . . . , ni = 1, . . . , n

T
µi = µ(xi), 0 ≤ x1 < . . . < xn ≤ 1µi = µ(xi), 0 ≤ x1 < . . . < xn ≤ 1µi = µ(xi), 0 ≤ x1 < . . . < xn ≤ 1 �

D +E��F #&% m = (I1, . . . , Ik)m = (I1, . . . , Ik)m = (I1, . . . , Ik)
T = /01A) � ) �&+-, � % [0, 1][0, 1][0, 1] �

m ↔ Sm =
% � . �

{
~X~X~Xj, j ∈ m

}
m ↔ Sm =

% � . �
{

~X~X~Xj, j ∈ m
}

m ↔ Sm =
% � . �

{
~X~X~Xj, j ∈ m

}
+ �

Xj
i = Ixi∈Ij

Xj
i = Ixi∈IjXj
i = Ixi∈Ij

~µ~µ~µ ∈ Sm ↔ ~µ~µ~µ = ~µ~µ~µm =
∑

j∈m βj
~X~X~Xj~µ~µ~µ ∈ Sm ↔ ~µ~µ~µ = ~µ~µ~µm =

∑
j∈m βj

~X~X~Xj~µ~µ~µ ∈ Sm ↔ ~µ~µ~µ = ~µ~µ~µm =
∑

j∈m βj
~X~X~Xj

� , /0#SR 5 % �I��� "@1M% , ) � %@#&#&% 7 %(5 ) � D %@1 #&% ,�+ D 341P% � % ' + D �

=Q+ 5C/ , )P%(5 ,I+-, , V #&#&%(5 %?) #&% V 1 % D = #B/H' % D % , )
D +E��F #&% m = {i1, . . . , ik} ∈ {1, . . . , n}m = {i1, . . . , ik} ∈ {1, . . . , n}m = {i1, . . . , ik} ∈ {1, . . . , n}

m ↔ Sm =
% � . � {

~e~e~ej, j ∈ {1, . . . , n}
}

m ↔ Sm =
% � . � {

~e~e~ej, j ∈ {1, . . . , n}
}

m ↔ Sm =
% � . � {

~e~e~ej, j ∈ {1, . . . , n}
}

~µ~µ~µ ∈ Sm ↔ ~µ~µ~µ = ~µ~µ~µm =
∑

j∈m βj~e~e~e
j~µ~µ~µ ∈ Sm ↔ ~µ~µ~µ = ~µ~µ~µm =

∑
j∈m βj~e~e~e

j~µ~µ~µ ∈ Sm ↔ ~µ~µ~µ = ~µ~µ~µm =
∑

j∈m βj~e~e~e
j T µi = 0µi = 0µi = 0

5 � i ∈ m̄i ∈ m̄i ∈ m̄



Yi = µi + σεi, i = 1, . . . , nYi = µi + σεi, i = 1, . . . , nYi = µi + σεi, i = 1, . . . , n

ε1, . . . , εn ����������� N (0, 1) , σ
' +-,4, Vε1, . . . , εn ��� ������� N (0, 1) , σ
' +U,4, Vε1, . . . , εn ����������� N (0, 1) , σ
' +-,J, V

� / D � #&#&% � % D +E��F #&%65 {Sm}m∈M{Sm}m∈M{Sm}m∈M

~̂µ~µ~µm = ΠSmY~̂µ~µ~µm = ΠSmY~̂µ~µ~µm = ΠSmY
TJ% � D � ' � µµµ

5 V 1 SmSmSm � � , ,I+ )C% ~µ~µ~µm = ΠSm~µ~µ~µ~µ~µ~µm = ΠSm~µ~µ~µ~µ~µ~µm = ΠSm~µ~µ~µ �
� � 5�� V % � % ~̂µ~µ~µm~̂µ~µ~µm~̂µ~µ~µm

7

E‖~̂µ~µ~µm − ~µ~µ~µ‖2 = ‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2Dm, + �
Dm = dim(Sm)E‖~̂µ~µ~µm − ~µ~µ~µ‖2 = ‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2Dm, + �
Dm = dim(Sm)E‖~̂µ~µ~µm − ~µ~µ~µ‖2 = ‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2Dm, + �
Dm = dim(Sm)

G 8I%@19'98I%@1
~̂µ~µ~µ = ~̂µ~µ~µm̂~̂µ~µ~µ = ~̂µ~µ~µm̂~̂µ~µ~µ = ~̂µ~µ~µm̂

T�� V � D �B,I� D � 5 % #&% 1 � 5�� V % E‖~̂µ~µ~µ − ~µ~µ~µ‖2E‖~̂µ~µ~µ − ~µ~µ~µ‖2
E‖~̂µ~µ~µ − ~µ~µ~µ‖2 �

E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C
(
inf
m

E‖~̂µ~µ~µm − ~µ~µ~µ‖2 + q
)

E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C
(
inf
m

E‖~̂µ~µ~µm − ~µ~µ~µ‖2 + q
)

E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C
(
inf
m

E‖~̂µ~µ~µm − ~µ~µ~µ‖2 + q
)
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min ‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2Dmmin ‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2Dmmin ‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2Dm = min ‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2Dm − ‖~µ~µ~µ‖2min ‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2Dm − ‖~µ~µ~µ‖2min ‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2Dm − ‖~µ~µ~µ‖2

= min −‖~µ~µ~µm‖2

︸ ︷︷ ︸
−‖~̂µ~µ~µm‖2+σ2Dm

+σ2Dmmin −‖~µ~µ~µm‖2

︸ ︷︷ ︸
−‖~̂µ~µ~µm‖2+σ2Dm

+σ2Dmmin −‖~µ~µ~µm‖2

︸ ︷︷ ︸
−‖~̂µ~µ~µm‖2+σ2Dm

+σ2Dm

= min ‖Y − ~̂µ~µ~µm‖2 + 2σ2Dmmin ‖Y − ~̂µ~µ~µm‖2 + 2σ2Dmmin ‖Y − ~̂µ~µ~µm‖2 + 2σ2Dm

= min ‖Y − ~̂µ~µ~µm‖2 + σ2pen(m)min ‖Y − ~̂µ~µ~µm‖2 + σ2pen(m)min ‖Y − ~̂µ~µ~µm‖2 + σ2pen(m)

� 8�" + 1 F D % 7 {Lm}m∈M{Lm}m∈M{Lm}m∈M
T
Lm > 0Lm > 0Lm > 0

T
Σ =

∑
m∈M e−DmLm < ∞Σ =

∑
m∈M e−DmLm < ∞Σ =

∑
m∈M e−DmLm < ∞

pen(m) ≥ Kσ2Dm

(
1 +

√
2Lm

)2

, K > 1pen(m) ≥ Kσ2Dm

(
1 +

√
2Lm

)2

, K > 1pen(m) ≥ Kσ2Dm

(
1 +

√
2Lm

)2

, K > 1

E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C(K) (E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C(K) (E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C(K) ( inf
m

{
‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2pen(m)

}
inf
m

{
‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2pen(m)

}
inf
m

{
‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2pen(m)

}

+ (K + 1)σ2Σ
)

(K + 1)σ2Σ
)

(K + 1)σ2Σ
)

+ V 3 � % ,

pen(m) = Kσ2Dm

(
1 +

√
2Lm

)2

pen(m) = Kσ2Dm

(
1 +

√
2Lm

)2

pen(m) = Kσ2Dm

(
1 +

√
2Lm

)2

E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C(K)
(
inf
m

{
‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2Dm(1 + Lm)

}
+ σ2Σ

)
E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C(K)

(
inf
m

{
‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2Dm(1 + Lm)

}
+ σ2Σ

)
E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C(K)

(
inf
m

{
‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2Dm(1 + Lm)

}
+ σ2Σ

)



� 1M% V .-% 7 ' + D D % , ) / =4= /219/ � 5A5 % , ) #&%65 =X+H�B� 5 LmLmLm �
� � /03 + 1 � T +-, D +-, )A1M% ∀m∀m∀m

T ∀ξ∀ξ∀ξ > 0

‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C(K)
({

‖~µ~µ~µm − ~µ~µ~µ‖2 + pen(m)
}

+ σ2(K + 1)ξ
)

‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C(K)
({

‖~µ~µ~µm − ~µ~µ~µ‖2 + pen(m)
}

+ σ2(K + 1)ξ
)

‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C(K)
({

‖~µ~µ~µm − ~µ~µ~µ‖2 + pen(m)
}

+ σ2(K + 1)ξ
)

5A/ V � 5 V 1 ΩξΩξΩξ
T ) � � � P

(
Ωξ

)
≤ Σe−ξP

(
Ωξ

)
≤ Σe−ξ

P
(
Ωξ

)
≤ Σe−ξ

� , % , � " � V � 19/

E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C(K)
({

‖~µ~µ~µm − ~µ~µ~µ‖2 + pen(m)
}

+ σ2(K + 1)Σ
)

E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C(K)
({

‖~µ~µ~µm − ~µ~µ~µ‖2 + pen(m)
}

+ σ2(K + 1)Σ
)

E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C(K)
({

‖~µ~µ~µm − ~µ~µ~µ‖2 + pen(m)
}

+ σ2(K + 1)Σ
)



� , �I; % mmm
T

crit(m′)crit(m′)crit(m′) ≤ crit(m)crit(m)crit(m)

‖Y − ~̂µ~µ~µm′‖2 + pen(m′)‖Y − ~̂µ~µ~µm′‖2 + pen(m′)‖Y − ~̂µ~µ~µm′‖2 + pen(m′) ≤ ‖Y − ~̂µ~µ~µm‖2 + pen(m)‖Y − ~̂µ~µ~µm‖2 + pen(m)‖Y − ~̂µ~µ~µm‖2 + pen(m)

≤ ‖Y − ~µ~µ~µm‖2 + pen(m)‖Y − ~µ~µ~µm‖2 + pen(m)‖Y − ~µ~µ~µm‖2 + pen(m)

� 1 V ' 7

‖Y − ~µ~µ~µm‖2 = ‖~µ~µ~µ − ~µ~µ~µm‖2 − 2 < ε,~µ~µ~µm > +σ2‖~ε~ε~ε‖2 + 2 < ~ε~ε~ε,~µ~µ~µ >‖Y − ~µ~µ~µm‖2 = ‖~µ~µ~µ − ~µ~µ~µm‖2 − 2 < ε,~µ~µ~µm > +σ2‖~ε~ε~ε‖2 + 2 < ~ε~ε~ε,~µ~µ~µ >‖Y − ~µ~µ~µm‖2 = ‖~µ~µ~µ − ~µ~µ~µm‖2 − 2 < ε,~µ~µ~µm > +σ2‖~ε~ε~ε‖2 + 2 < ~ε~ε~ε,~µ~µ~µ >

� � + �

‖~µ~µ~µ − ~̂µ~µ~µm′‖2‖~µ~µ~µ − ~̂µ~µ~µm′‖2‖~µ~µ~µ − ~̂µ~µ~µm′‖2 ≤≤≤ ‖~µ~µ~µ − ~µ~µ~µm‖2 + pen(m)‖~µ~µ~µ − ~µ~µ~µm‖2 + pen(m)‖~µ~µ~µ − ~µ~µ~µm‖2 + pen(m)

+2σ < ~ε~ε~ε, ~̂µ~µ~µm′ − ~µ~µ~µm > −pen(m′)+2σ < ~ε~ε~ε, ~̂µ~µ~µm′ − ~µ~µ~µm > −pen(m′)+2σ < ~ε~ε~ε, ~̂µ~µ~µm′ − ~µ~µ~µm > −pen(m′)

K ) V �I� %@1 Z(t) =
< ~ε~ε~ε,~t − ~µ~µ~µm >

‖~t − ~µ~µ~µm‖
,

� 1 + ' � NU/ V 5C5 � % , TI.O/21 � / , ' % �K ) V �I� %@1 Z(t) =
< ~ε~ε~ε,~t − ~µ~µ~µm >

‖~t − ~µ~µ~µm‖
,

� 1 + ' � N-/ V 5A5 � % , TI.0/01 � / , ' % �K ) V ��� %W1 Z(t) =
< ~ε~ε~ε,~t − ~µ~µ~µm >

‖~t − ~µ~µ~µm‖
,

� 1 + ' � N-/ V 5A5 � % , TI.0/21 � / , ' % �

P( sup
~t∈Sm′

Z(t) ≥ E sup
~t∈Sm′

Z(t)

︸ ︷︷ ︸√
Dm+Dm′

+xm′) ≤ exp−x2
m′
2

P( sup
~t∈Sm′

Z(t) ≥ E sup
~t∈Sm′

Z(t)

︸ ︷︷ ︸√
Dm+Dm′

+xm′) ≤ exp−x2
m′
2

P( sup
~t∈Sm′

Z(t) ≥ E sup
~t∈Sm′

Z(t)

︸ ︷︷ ︸√
Dm+Dm′

+xm′) ≤ exp−x2
m′
2



� , �I; % mmm
T
crit(m′) ≤ crit(m)crit(m′) ≤ crit(m)crit(m′) ≤ crit(m)

‖~µ~µ~µ − ~̂µ~µ~µm′‖2‖~µ~µ~µ − ~̂µ~µ~µm′‖2‖~µ~µ~µ − ~̂µ~µ~µm′‖2 ≤≤≤ ‖~µ~µ~µ − ~µ~µ~µm‖2 + pen(m)‖~µ~µ~µ − ~µ~µ~µm‖2 + pen(m)‖~µ~µ~µ − ~µ~µ~µm‖2 + pen(m)

+2σ < ~ε~ε~ε, ~̂µ~µ~µm′ − ~µ~µ~µm > −pen(m′)+2σ < ~ε~ε~ε, ~̂µ~µ~µm′ − ~µ~µ~µm > −pen(m′)+2σ < ~ε~ε~ε, ~̂µ~µ~µm′ − ~µ~µ~µm > −pen(m′)

� + V 1 '98J/ � V % m′m′m′ T ∀t ∈ Sm′∀t ∈ Sm′∀t ∈ Sm′

< ~ε~ε~ε,~t − ~µ~µ~µm >≤ ‖~t − ~µ~µ~µm‖
(√

Dm + Dm′ + xm′
)

< ~ε~ε~ε,~t − ~µ~µ~µm >≤ ‖~t − ~µ~µ~µm‖
(√

Dm + Dm′ + xm′
)

< ~ε~ε~ε,~t − ~µ~µ~µm >≤ ‖~t − ~µ~µ~µm‖
(√

Dm + Dm′ + xm′
)

/@.-%6' = 1 + 3 / ≥ 1 − exp(−x2
m′/2)≥ 1 − exp(−x2
m′/2)≥ 1 − exp(−x2
m′/2)

� +-, � %@1P1 +-,�� ⇒ ∀m′, ∀t ∈ Sm′⇒ ∀m′, ∀t ∈ Sm′⇒ ∀m′, ∀t ∈ Sm′

< ~ε~ε~ε,~t − ~µ~µ~µm >≤ ‖~t − ~µ~µ~µm‖
(√

Dm + Dm′ + xm′
)

< ~ε~ε~ε,~t − ~µ~µ~µm >≤ ‖~t − ~µ~µ~µm‖
(√

Dm + Dm′ + xm′
)

< ~ε~ε~ε,~t − ~µ~µ~µm >≤ ‖~t − ~µ~µ~µm‖
(√

Dm + Dm′ + xm′
)

/@.-%6' = 1 + 3 / ≥ 1 − Σm′∈M exp(−x2
m′/2)≥ 1 − Σm′∈M exp(−x2
m′/2)≥ 1 − Σm′∈M exp(−x2
m′/2)

� � + �

xm′ =
√

Lm′Dm′ + ξ
√

2 ⇒ = 1 + 3 / ≥ 1 − Σ exp(−ξ)xm′ =
√

Lm′Dm′ + ξ
√

2 ⇒ = 1 + 3 / ≥ 1 − Σ exp(−ξ)xm′ =
√

Lm′Dm′ + ξ
√

2 ⇒ = 1 + 3 / ≥ 1 − Σ exp(−ξ)
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‖~µ~µ~µ − ~̂µ~µ~µm′‖2‖~µ~µ~µ − ~̂µ~µ~µm′‖2‖~µ~µ~µ − ~̂µ~µ~µm′‖2 ≤≤≤ ‖~µ~µ~µ − ~µ~µ~µm‖2 + pen(m) − pen(m′)‖~µ~µ~µ − ~µ~µ~µm‖2 + pen(m) − pen(m′)‖~µ~µ~µ − ~µ~µ~µm‖2 + pen(m) − pen(m′)

+2σ‖~̂µ~µ~µm′ − ~µ~µ~µm‖
(√

Dm + Dm′ +
√

2
√

Lm′Dm′ + ξ
)

+2σ‖~̂µ~µ~µm′ − ~µ~µ~µm‖
(√

Dm + Dm′ +
√

2
√

Lm′Dm′ + ξ
)

+2σ‖~̂µ~µ~µm′ − ~µ~µ~µm‖
(√

Dm + Dm′ +
√

2
√

Lm′Dm′ + ξ
)

• ‖~̂µ~µ~µm′ − ~µ~µ~µm‖ ≤ ‖~µ~µ~µ − ~̂µ~µ~µm′‖ + ‖~µ~µ~µ − ~µ~µ~µm‖‖~̂µ~µ~µm′ − ~µ~µ~µm‖ ≤ ‖~µ~µ~µ − ~̂µ~µ~µm′‖ + ‖~µ~µ~µ − ~µ~µ~µm‖‖~̂µ~µ~µm′ − ~µ~µ~µm‖ ≤ ‖~µ~µ~µ − ~̂µ~µ~µm′‖ + ‖~µ~µ~µ − ~µ~µ~µm‖

• 2ab ≤ ca2 + b2/c2ab ≤ ca2 + b2/c2ab ≤ ca2 + b2/c
T ∀c > 0∀c > 0∀c > 0

• pen(m′) ≥ Kσ2Dm′
(
1 +

√
2Lm′

)
pen(m′) ≥ Kσ2Dm′

(
1 +

√
2Lm′

)
pen(m′) ≥ Kσ2Dm′

(
1 +

√
2Lm′

)

 

1M"(5 V #S)M/2) 7 ∀m∀m∀m
T ∀ξ∀ξ∀ξ > 0

‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C(K)
({

‖~µ~µ~µm − ~µ~µ~µ‖2 + pen(m)
}

+ σ2(K + 1)ξ
)

‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C(K)
({

‖~µ~µ~µm − ~µ~µ~µ‖2 + pen(m)
}

+ σ2(K + 1)ξ
)

‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C(K)
({

‖~µ~µ~µm − ~µ~µ~µ‖2 + pen(m)
}

+ σ2(K + 1)ξ
)

5A/ V � 5 V 1 V , % , 5 % D 34#&% � % = 1 + 3 / ≤ Σe−ξ≤ Σe−ξ≤ Σe−ξ �



� 8�" + 1 F D % 7 {Lm}m∈M{Lm}m∈M{Lm}m∈M
T
Lm > 0Lm > 0Lm > 0

T
Σ =

∑
m∈M e−DmLm < ∞Σ =

∑
m∈M e−DmLm < ∞Σ =

∑
m∈M e−DmLm < ∞

5 � pen(m) ≥ Kσ2Dm

(
1 +

√
2Lm

)2
, K > 1pen(m) ≥ Kσ2Dm

(
1 +

√
2Lm

)2
, K > 1pen(m) ≥ Kσ2Dm

(
1 +

√
2Lm

)2
, K > 1

T /0# + 195

E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C1

(
infm

{
‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2pen(m)

}
+ C2σ

2Σ
)

E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C1

(
infm

{
‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2pen(m)

}
+ C2σ

2Σ
)

E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C1

(
infm

{
‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2pen(m)

}
+ C2σ

2Σ
)

+ V 3 � % , 5 � pen(m) = Kσ2Dm

(
1 +

√
2Lm

)2
pen(m) = Kσ2Dm

(
1 +

√
2Lm

)2
pen(m) = Kσ2Dm

(
1 +

√
2Lm

)2 T /0# + 195

E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C1

(
infm

{
‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2Dm(1 + Lm)

}
+ σ2Σ

)
E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C1

(
infm

{
‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2Dm(1 + Lm)

}
+ σ2Σ

)
E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C1

(
infm

{
‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2Dm(1 + Lm)

}
+ σ2Σ

)

!�"$#&%(' ) �&+-, � % .0/21 � /034#&%65 + 1 �I+-,J, "$%(5 7 ~X~X~X1, . . . , ~X~X~Xp~X~X~X1, . . . , ~X~X~Xp~X~X~X1, . . . , ~X~X~Xp T p = p(n) ↑ np = p(n) ↑ np = p(n) ↑ n

Sm =
% � . �

{
~X~X~X1, . . . , ~X~X~Xm

}
Sm =

% � . �
{

~X~X~X1, . . . , ~X~X~Xm
}

Sm =
% � . �

{
~X~X~X1, . . . , ~X~X~Xm

} T
m = 1, . . . , pm = 1, . . . , pm = 1, . . . , p

T
Dm = mDm = mDm = m �

Σ =
∑p

m=1
e−mLmΣ =

∑p
m=1

e−mLmΣ =
∑p

m=1
e−mLm

T
Lm = LLm = LLm = L

T
Σ ≤ (eL − 1)−1Σ ≤ (eL − 1)−1Σ ≤ (eL − 1)−1

! � K = 2/
(
1 +

√
2L

2
)

K = 2/
(
1 +

√
2L

2
)

K = 2/
(
1 +

√
2L

2
) �

K > 1K > 1K > 1
5 � L < 3/2 −

√
2L < 3/2 −

√
2L < 3/2 −

√
2 � T %?)

pen(m) = 2σ2mpen(m) = 2σ2mpen(m) = 2σ2m
T /0# + 195 T

E‖~̂µ~µ~µ − ~µ~µ~µ‖2
E‖~̂µ~µ~µ − ~µ~µ~µ‖2
E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤≤≤ C(L)

(
inf
m

{
‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2m(1 + L)

}
+ σ2Σ

)
C(L)

(
inf
m

{
‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2m(1 + L)

}
+ σ2Σ

)
C(L)

(
inf
m

{
‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2m(1 + L)

}
+ σ2Σ

)

≤≤≤ C(L) inf
m

{
‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2m

}
C(L) inf

m

{
‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2m

}
C(L) inf

m

{
‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2m

}

≤≤≤ C(L) inf
m

E‖~̂µ~µ~µm − ~µ~µ~µ‖2C(L) inf
m

E‖~̂µ~µ~µm − ~µ~µ~µ‖2C(L) inf
m

E‖~̂µ~µ~µm − ~µ~µ~µ‖2
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m =
{
i1, . . . , i|m|

}
⊂ {1, . . . , p}m =

{
i1, . . . , i|m|

}
⊂ {1, . . . , p}m =

{
i1, . . . , i|m|

}
⊂ {1, . . . , p} T Sm =

% � . �
{

~X~X~X1, . . . , ~X~X~X |m|
}

Sm =
% � . �

{
~X~X~X1, . . . , ~X~X~X |m|

}
Sm =

% � . �
{

~X~X~X1, . . . , ~X~X~X |m|
}

Σ =
∑

m∈M e−|m|Lm =
∑p

|m|=1
C

|m|
p e−|m|LmΣ =

∑
m∈M e−|m|Lm =

∑p
|m|=1

C
|m|
p e−|m|LmΣ =

∑
m∈M e−|m|Lm =

∑p
|m|=1

C
|m|
p e−|m|Lm

5 � Lm = LLm = LLm = L
T
Σ =

(
1 + e−L

)p − 1Σ =
(
1 + e−L

)p − 1Σ =
(
1 + e−L

)p − 1
�
p = p(n) ↗ np = p(n) ↗ np = p(n) ↗ n �

5 � L = log(p/c)L = log(p/c)L = log(p/c)
T /0# + 195 Σ < ec − 1Σ < ec − 1Σ < ec − 1 �

� V )A1P% '98 +H�<; 7L#&%65
LmLmLm

.0/21 � % , ) /$.-%(' |m||m||m|
5 � Lm = 1 + log(c) + log(p/|m|)Lm = 1 + log(c) + log(p/|m|)Lm = 1 + log(c) + log(p/|m|) T /0# + 195 Σ < 1/(c − 1)Σ < 1/(c − 1)Σ < 1/(c − 1) �
� 8I" + 1 F D % ⇒⇒⇒
5 � pen(m) = K|m|σ2(1 + c1

√
log(p/|m|) + c2 log(p/|m|))pen(m) = K|m|σ2(1 + c1

√
log(p/|m|) + c2 log(p/|m|))pen(m) = K|m|σ2(1 + c1

√
log(p/|m|) + c2 log(p/|m|))

E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C inf
m

{
‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2|m|

(
1 + log

(
p

|m|

))}
E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C inf

m

{
‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2|m|

(
1 + log

(
p

|m|

))}
E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≤ C inf

m

{
‖~µ~µ~µm − ~µ~µ~µ‖2 + σ2|m|

(
1 + log

(
p

|m|

))}

� , / V )A1M% � 8I" + 1 F D % 7

m̄ ∈ Mm̄ ∈ Mm̄ ∈ M T
pen(m̄) ≤ cσ2|m̄| log(p)pen(m̄) ≤ cσ2|m̄| log(p)pen(m̄) ≤ cσ2|m̄| log(p)

T
0 < c < 20 < c < 20 < c < 2

T /0# + 195

E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≥ Cσ2 log(p)E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≥ Cσ2 log(p)E‖~̂µ~µ~µ − ~µ~µ~µ‖2 ≥ Cσ2 log(p)
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µ = µm0
µ = µm0
µ = µm0

T
m0 = {1, . . . , k0}m0 = {1, . . . , k0}m0 = {1, . . . , k0}

T
k0k0k0 �B, ' +U,4, V T k0 < nk0 < nk0 < n

µi 6= 0µi 6= 0µi 6= 0
5 � 1 ≤ i ≤ k01 ≤ i ≤ k01 ≤ i ≤ k0 µi = 0µi = 0µi = 0

5 � i > k0i > k0i > k0

~̂µ~µ~µm~̂µ~µ~µm~̂µ~µ~µm

7
(~̂µ~µ~µm)i = Yi, i ∈ m(~̂µ~µ~µm)i = Yi, i ∈ m(~̂µ~µ~µm)i = Yi, i ∈ m

T
(~̂µ~µ~µm)i = 0(~̂µ~µ~µm)i = 0(~̂µ~µ~µm)i = 0

5 �B,�+-,��
‖Y − ~̂µ~µ~µm‖2 =

∑
i∈m̄ Y 2

i‖Y − ~̂µ~µ~µm‖2 =
∑

i∈m̄ Y 2
i‖Y − ~̂µ~µ~µm‖2 =

∑
i∈m̄ Y 2

i

� % D /21 � V % 7

inf
m∈M

E‖~̂µ~µ~µm − ~µ~µ~µ‖2 =

k0∑

i=1

min
{
µi, σ

2
}

< E‖~̂µ~µ~µm0
− ~µ~µ~µ‖2 = k0σ

2inf
m∈M

E‖~̂µ~µ~µm − ~µ~µ~µ‖2 =

k0∑

i=1

min
{
µi, σ

2
}

< E‖~̂µ~µ~µm0
− ~µ~µ~µ‖2 = k0σ

2inf
m∈M

E‖~̂µ~µ~µm − ~µ~µ~µ‖2 =

k0∑

i=1

min
{
µi, σ

2
}

< E‖~̂µ~µ~µm0
− ~µ~µ~µ‖2 = k0σ

2

~̂µ~µ~µ = ~̂µ~µ~µm̂~̂µ~µ~µ = ~̂µ~µ~µm̂~̂µ~µ~µ = ~̂µ~µ~µm̂

7
m̂̂m̂m D �B,I� D � 5 % crit(m) =

∑
i∈m̄ Y 2

i + σ2pen(|m|)crit(m) =
∑

i∈m̄ Y 2
i + σ2pen(|m|)crit(m) =

∑
i∈m̄ Y 2

i + σ2pen(|m|)

K , = 1 / ) � � V % 7

min
m∈M

crit(m) = min
1≤k≤kn

min
|m|=k

∑

i∈m̄

Y 2

i + σ2pen(k)min
m∈M

crit(m) = min
1≤k≤kn

min
|m|=k

∑

i∈m̄

Y 2

i + σ2pen(k)min
m∈M

crit(m) = min
1≤k≤kn

min
|m|=k

∑

i∈m̄

Y 2

i + σ2pen(k)

! � Y 2

`1
> . . . Y 2

`n
Y 2

`1
> . . . Y 2

`n
Y 2

`1
> . . . Y 2

`n

T

min
m∈M

crit(m) = min
1≤k≤kn

∑

i≥k+1

Y 2

`i
+ σ2pen(k)min

m∈M
crit(m) = min

1≤k≤kn

∑

i≥k+1

Y 2

`i
+ σ2pen(k)min

m∈M
crit(m) = min

1≤k≤kn

∑

i≥k+1

Y 2

`i
+ σ2pen(k)

%?) �I+-, ' m̂ = mk̂ = (`1, . . . , `k̂)m̂ = mk̂ = (`1, . . . , `k̂)m̂ = mk̂ = (`1, . . . , `k̂)



G 1 � ) F 1M% = " , /O# � 5 " � 5 % V � #&#B/0NH%
!�% V � #&#B/0NH% 7 G 8 +H� 5 � 1 t(1) > . . . > t(n)t(1) > . . . > t(n)t(1) > . . . > t(n)

TI%W) ' + D = /21M%W1 #&%(5

|Y`i||Y`i||Y`i|
/ V ; t(i)t(i)t(i)

7

k̂ = 0k̂ = 0k̂ = 0
5 � |Y`k| < t(k)|Y`k| < t(k)|Y`k| < t(k)

T ∀k∀k∀k
5 �B,�+-, k̂ = maxk

{
|Y`k| ≥ t(k)

}
k̂ = maxk

{
|Y`k| ≥ t(k)

}
k̂ = maxk

{
|Y`k| ≥ t(k)

}

� � % , /@.-%6' ' 1 � ) F 1M% = " , /0# � 5 " 7

t2(k) = pen(k) − pen(k − 1)t2(k) = pen(k) − pen(k − 1)t2(k) = pen(k) − pen(k − 1)
T + V 3 � % , pen(k) =

∑k
l=1

t2(l)pen(k) =
∑k

l=1
t2(l)pen(k) =

∑k
l=1

t2(l) �
� +-,I+ 8 + %W) � + 8 , 5 ) +-,

����� T � �&+ D %W)A1 ��� / � T

t2(k) = t2 = 2σ2 log(n) ⇐⇒ pen(k) = 2σ2k log(n)t2(k) = t2 = 2σ2 log(n) ⇐⇒ pen(k) = 2σ2k log(n)t2(k) = t2 = 2σ2 log(n) ⇐⇒ pen(k) = 2σ2k log(n)



G + D D % , ) '?/0# � 3�1M%@1 #B/ = " , /0# � )C" �

pen(m) = K|m|σ2(1 + α
√

log(n/|m|) + β log(n/|m|))pen(m) = K|m|σ2(1 + α
√

log(n/|m|) + β log(n/|m|))pen(m) = K|m|σ2(1 + α
√

log(n/|m|) + β log(n/|m|))

pen(k; c1, c2) = kσ2(c1 log(n/k) + c2)pen(k; c1, c2) = kσ2(c1 log(n/k) + c2)pen(k; c1, c2) = kσ2(c1 log(n/k) + c2)

� + V 1 '98J/ � V % n
T D �B,I� D � 5 %@1 #&% 1 / =4=Q+ 1A) � %65 1 � 5�� V %(5 7

rn(c1, c2) = sup
~µ~µ~µ∈Rn

E‖~̂µ~µ~µc1,c2
− ~µ~µ~µ‖2

inf1≤k≤kn E‖~̂µ~µ~µm − ~µ~µ~µ‖2

rn(c1, c2) = sup
~µ~µ~µ∈Rn

E‖~̂µ~µ~µc1,c2
− ~µ~µ~µ‖2

inf1≤k≤kn E‖~̂µ~µ~µm − ~µ~µ~µ‖2
rn(c1, c2) = sup

~µ~µ~µ∈Rn

E‖~̂µ~µ~µc1,c2
− ~µ~µ~µ‖2

inf1≤k≤kn E‖~̂µ~µ~µm − ~µ~µ~µ‖2
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pen(k) = kσ2(2 log(n/k) + 4)pen(k) = kσ2(2 log(n/k) + 4)pen(k) = kσ2(2 log(n/k) + 4)

0 20 40 60 80 100

−1
42

00
−1

41
80

−1
41

60
−1

41
40

−1
41

20
−1

41
00

−1
40

80
−1

40
60

k

MKR Criterion

0 20 40 60 80 100

0.
10

0.
15

0.
20

k

FDR Criterion

0 20 40 60 80 100

1.
80

1.
85

1.
90

1.
95

k

BM Criterion


