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Abstract — The goal of this paper is to compare the profitability of nitrogen dose recommendations based on two models, which differ
only in the statistical description of the model error and, consequently, in the way the parameter values are estimated. In the first model,
the parameters were supposed fixed and their values were estimated by least squares. In the second model, the parameters were defined
as random variables with a normal distribution. Optimal nitrogen rates were calculated for three types of gross margin and for five nitro-
gen prices by using the two fitted models. An evaluation of the profitability of the optimal nitrogen rates showed that the gross margins
obtained by applying the nitrogen rates calculated with the random parameter model were higher by 53ta 3tk the gross mar-

gins obtained by applying the nitrogen rates calculated with the fixed parameter model.

model evaluation / optimal nitrogen rate / parameter estimation / random parameter model

Résumé — Il est profitable d’estimer les parameétres en se basant sur une description réaliste des erreurs des modékebut de cet

article est de comparer les valeurs économiques de doses d’engrais optimales calculées a I'aide de deux modeles basés sur deux
méthodes d’estimation différentes. Dans le premier modeéle, les paramétres sont supposés fixes et sont estimés par les moindres carrés.
Dans le deuxieme modele, les parametres sont définis comme des variables aléatoires distribuées selon une loi Normale. Des doses
optimales sont calculées en utilisant les deux modéles pour trois types de marge brute et pour cing prix de I'engrais. Une évaluation de la
qualité des doses optimales montre que les marges obtenues en appliquant les doses calculées avec le modele a parametres aléatoires sol
supérieures de 53 a 31¢hE?* aux marges obtenues en appliquant les doses calculées avec le modéle a paramétres fixes.
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1. INTRODUCTION 22, 23]. In this kind of model, the form of the modeled re-
sponse is common to all site-years, but the parameter val-

ues are assumed to vary between site-years. Typically,

Models of response to applied nitrogen (N) are often (e model parameters are treated as random variables fol-
used for calculating optimal N doses [1, 6-8, 16, 19]. NU- |\ying a Normal distribution. The elements to be esti-
merous studies have been performed to define functionsysted are then the expected values and the variance-

that describe properly the responses to applied N of crop¢qyariance matrix of the parameter distribution. These
characteristics, including yield [1, 6-8, 14, 16, 19], grain glements describe how the parameter values vary from
protein content [10, 14, 17], and residual mineral so_il N site-year to site-year. Wallach [22, 23] argued that ran-
at harvest [11, 14]. A related problem that has received g parameter models provide a realistic yet simple way
relatively little attention is how to estimate the values of s taking into account the correlations between model er-
the model parameters. This problem must be solved be- g i the same site-year. Our data do indeed seem con-

fore using the model to derive practical recommenda- gjsient with a random parameter model (Fig. 1). For each
tions. Often, one assumes that the parameters take flxeqype of measurement, the responses to applied N ob-

values and that all the model errors are independent. Thisgeyeq for the different site-years could be described by
leads to estimating the parameter values by ordinary leastsing the same functional form for all site-years but with
squares [16, 19]. However, these assumptions are not régjifferent parameter values. Parameter variability can be
alistic because, in N fertilizer trials, seV(_araI measure- e to various physical and biological factors that influ-
ments are usually made on the same site and year agnce crop nitrogen uptake and crop nitrogen requirement
different N doses. It is not reasonable to assume that thejje for instance, soil and climate characteristics, or dis-
model errors are independent for the same site-year.  g55e occurrence. Thus, it seems rather natural in principal
Several authors have proposed a different method forto use random parameter models for modeling the re-
estimating parameters of models of response to applied Nsponse to applied N. However, we do not know if random
based on the use of a random parameter model [3, 5, 15parameter models are really superior in practice for
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Figure 1. Measurements of nitrogen uptake (a), yield (b), grain protein content (c) and residual mineral soil nitrogen at harvest (d) as a

function of applied nitrogen for eight site-years.
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making N dose recommendations. In particular, we do 6.15-15.9%, and 10-211 kg’ respectively. In each
not know if optimal N rates calculated by using arandom experiment, end-of-winter mineral soil N (NOplus
parameter model are more profitable than those calcu-NH,") in the 0- to 90-cm layer was measured during till-
lated by using a model with fixed parameters. ering (February), before the N application. The values of

The goal of this paper is to evaluate the importance of €nd-of-winter mineral soil N were in the range
using a random parameter model for calculating optimal 15-180 kgha™. Figure 1 shows the values of yield, N up-
N rates for winter wheatTiticum aestivurrL.). To do take, gram.protel_n co_ntent and r_eS|duaI mmer_al N at har-
S0, we compare two models for yield, grain protein con- vest, obtained in eight experiments for different N
tent and residual mineral nitrogen, based on the samelréatments.
equations and based on the same data. The difference be-
tween the two models can be thought of in terms of alter-
native statistical descriptions of the errors. In one model, ~ 2.2. Response functions
the errors for a given site-year are independent, but the

parameter values vary between site-years, whereas the The functions proposed by Makowski et al. [14] are

other assumes that all the errors are independent and thalse( to describe the responses to applied N of nitrogen

the parameters are fixed. These two models are used tqQ ptake, yield, grain protein and residual mineral N at har-
calculate optimal N rates for various objective functions ,agt (Tab. ). These functions were found to give

representing Qifferent types pf farmers’ gross margins. A satisfactory fit to the data [14]. The paramet¥(sy, B,

non-parametric method [2] is then used to compare thec, and U, represent physically meaningful quantities

calculated optimal N rates with data. The criterion for the [21], namely maximal yield, N requirement per yield

comparison is the expected value of the objective func- it maximal N recovery and N uptake without fertilizer

tion that would result from applying the optimal N rates. application, respectively. Following Makowski et al.
[15], we have introduced only a single field characteristic
into the model, namely end-of-winter mineral soil N

2. MATERIALS AND METHODS (notedw) which is related to N uptake in the absence of

applied N by

Up=a, + a, w. )

We notedthe parameter vectof:=[ay, a,, Cy, Yyax A, B,
T, P, P,, Ry R1Y, where' denotes the transpose matrix
operator.

2.1. Data

The data used in this study were from 112 winter
wheat experiments carried out between 1990 and 1999
on commercial farms in the Paris Basin, France. Each ex-
periment was conducted at a different site, with record-
ing made yearly, and consisted of five to eight different
nitrogen treatments corresponding to different N fertil-
izer rates. The total number of N treatments inthe dataset Two statistical methods are used to estimate the pa-
isequalto 670 (112 site-yesa( 5 to 8 Ntreatments). Two  rameters of the response functions presented in Table I.
soil types were represented, a loam soil and a chalky soil.In the first methodg is estimated by least squares [4].
Common winter wheat varieties were used. N fertilizer This method assumes ths fixed and that all the model
was applied in two applications during the growing sea- errors are independent. The variance of the error is as-
son. For each N treatment, yield (adjusted to 19@g sumed to be the same for all site-years and doses, but the
grain moisture content) was measured at harvest. In addifour response variables may have different error vari-
tion, N uptake (amount of N in grain, straw, and root at ances. We notéthe least squares estimatetof and the
harvest), grain protein content at harvest, and residualfour error variances are calculated from the data by using
mineral N in the soil at harvest (NOplus NH,") at 0- to the S-PLUS function GNLS [18]. The elementséare
90-cm depth were measured for 484, 634, and 302 Npresented in Table Il. The model based ®is noted
treatments respectively. See Makowski et al. [14] for a MOD-FIXED. Note that, for MOD-FIXED, yield as a
more complete description of the plant sampling and ni- function of applied N has a plateafy,., that begins at
trogen analysis. Measurements of N uptake, yield, grain the doseXyax = (BYuax— Up) / Co. Xuax depends on end-
protein content, and residual mineral N at harvest were in of-winter mineral soil N through (1). On the average
the ranges 62.4-490.1 kgi', 1.52-15.37 M¢a’, over the end-of-winter mineral soil N of our data set,

2.3. Parameter estimation
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Table I. Functions for nitrogen uptakel), yield (y), grain protein contenp) and residual mineral nitrogen at harvagtersus applied

nitrogen ).
Variable Function
Nitrogen uptake ux)=GC, x+ U, if X < Xyaxs
Co(x— ) if X=X
)= B, g T
IAX

With Xy = (BYyax — W)/ G
Yield Y()=Yox t AUR - BYul= Yixt BE % - BY if X < Xyax

Y(X) = Yuax if X 2 Xyax-
Protein p(x)= R+ PZB;%;B

Cox+ U ;
=P +PR - 9 if X < Xipax:
R+ ALG X U BYlE
Co(x - XMAX)
CP e 1+ T(X = Xuax) . ;
=R +h[O Y a if X = Xyax -
MAX
O O

Residual nitrogen at harvest r(x)= Ry if X < Xyaxs

r(x)= Ry + RiX— X4ax) ifXZXMAX'

ParameterdJ, (nitrogen uptake without fertilizer applicatiorg, (maximal nitrogen recoveryy,,»x (maximal yield),A, B (nitrogen requirement per yield

unit), T, P,, P,, R,y (Minimal residual nitrogen at harvess),

Table II. Estimates of the parameters of model MOD-FIXED.

Parameter Value
a 54.82 kgha
ay 0.97 kgkg™
C 1.0 kgkg™

Yuax 9.43 Mgha
A 0.03 kgkg™
B 25.8 kgMg™
T 0.0066 hekg
P, 3.53%

P, 0.25 Mgkg™

Ruin 36.13 kgha
R 0.23 kgkg™

Xuax =120 kgha™. Table IV shows the values of the error
variances estimated with GNLS.

In the second method, the response model is treated as
a random parameter model [9, 18]. This model is noted
MOD-RAND. Following Makowski et al. [15], we treat
parameter§ anda, as fixed and the nine other parame-
ters as random. The nine random parameters are sup-
posed to be a random vector with a Normal distribution
N(u, 2), whereu is the (%X1) vector of expectations and
is the (%9) variance-covariance matrix of the nine ran-
dom parameters. The diagonal elementg afe the vari-
ances of the elementsindicating how widely they vary
from site-year to site-year. The off-diagonal elements of
2 are the covariances between the elementsiodicat-
ing the extent to which they tend to vary together.
Makowski et al. [15] argue that only a few of the
covariances between the random parameters need be
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Table Ill. Estimates of the expected values, variances, and covariances of the parameters of model MODaR#xidD are assumed
to be fixed.

Expectation Variance Covariance
Name Value Name Value Name Value
E(ay) 62.19 kgha var(a,) 845.5 kd-ha? coMYyax B) -2.9
E(Cy) 0.99 kgkg™ var(Co) 0.033 kg-kg2 coUg, Co) 3.11
E(Yyax) 9.58 Mgha var(Yyax) 2.54 Mg-ha? coMUg, Run) -133.0
E(A) 0.03 kgkg™ var(A) 0.000047 kgkg> coUg, R) -0.73
E(B) 25.9 kgMg var(B) 8.58 kg-Mg coMCo, Ruin) -1.88
E(P,) 3.58% var(P,) 3.97 (%) coUCy, R) 0.008
E(P,) 0.25 Mgkg™ var(P,) 0.0042 Md-kg coMRymn: R -0.61
E(Ryn) 37.40 kgha' var(Ryn) 290.9 kg-ha?
E(R) 0.26 kgkg™ var(R) 0.029 kd-kg
a, 0.79 kgkg™
T 0.0039 hekg

Table IV. Estimates of the variances of the errors associated with the four response variables in the random parameter model (MOD-
RAND) and in the fixed parameter model (MOD-FIXED).

Response variable Error variance in MOD-FIXED Error variance in MOD-RAND
N uptake 2329 kgha? 314 kg-ha?
Yield 2.45 Mg-ha? 0.18 Mg-ha?
Grain protein 1.8% 0.67%
Residual N at harvest 464.7 %ya? 85 kg™-ha?

considered, the others can reasonably be taken as nullof i, 2, T, a, and of the four residual error variances are
Eight covariances are thus estimated, namelyY;gw( B), estimated from data by using the S-PLUS function Non-
cov(U,, Cp), covlU,, Ryn), covlUy, R), cov(C,, Ryn)s Linear Mixed Effect model (NLME) [13, 18, 20]. The es-
cov(C,, R), covRyn, R) and covP,, P,). The first seven  timated values are presented in Tables Ill and IV.
covariances were assumed non-zero based on agronomic

considerationsY,,,x andB tend to be correlated because A comparison of Tables Il and Il show that the least
the climate has an effect on these two parameters (Boiffin squares parameter estimates and the expected values of
etal., 1981). Soil properties and root development can in-the random parameters are similar but notidentical. The
fluence both N uptake and residual mineral N at harvest residual error variances obtained for the two models,
and, consequently, can induce correlations betwégn  onthe other hand, are very different, as is expected
Co, Ry, andR (Meynard et al., 1981; Wibawa, 1992). (Tab. IV). These variances are much higher in MOD-
The correlation betweeR, andP, was found to be very  FIXED because they represent all the variability of the
high and so these two parameters were considered corremodel error, whereas in MOD-RAND an important part
lated. In this method, the residual error represents the er-of the error variability is accounted for by the variability
ror when site-year specific parameters are used in thein the random parameters. Alternatively one should note
model. Once again, there are four residual error variancesthat MOD-RAND has 8 9 additional parameters which
corresponding to the four response variables. The valuesaccount for the variability between site-years.
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2.4. Calculation of optimal nitrogen rates

MOD-FIXED and MOD-RAND are each used to cal-
culate optimal rates for three different objective func-
tions related to gross margin [15]. The firstis defined by

my(x) = qy(x) —cx
whereq is the grain price and is the fertilizer costq is
fixed to 700 FMg™ (value corresponding approximately
to the current grain price in France) anis fixed succes-
sively to four values: 2, 2.5, 3, 3.5 and &g . Current
fertilizer price is approximately 2-3-kg™. The higher

D. Makowski, D. Wallach

yield value predicted by the model for tité site-year in
the data set in function ef;. With MOD-FIXED, ¥, (X) is
calculated simply by replacing the function parameters
by their estimated values:
yi(x):QMAX-'-ACDX'-ui_ABAMA.X] A . .

if x<(BY,ux — W,/ C,
yi (9= ?MAX if XZ(B?MAX - ':l)i)/ Co
whereU,, =@, +@,w, (the notation » means ‘estimated
value’) andw; is the end-of-winter mineral soil N mea-

sured at site-yedr As Um depends omy;, Xqpr; depends
onw; as well. With MOD-RAND,y; (X) is calculated by

prices are considered in order to simulate environmentalgenerating 200 parameter values fromiN() and by
taxes [12] or an increase in the price of oil. The second taking the average yield:

type of objective function is

my(x) = glp(X)] y(x) — ¢ x
whereg[p(x)] is a grain price function that depends on
grain protein contenp(x), as

glp(x)] =750 if p(x) = 13%
glp(x)] =700 + 20p(x)— 10.5] if 13%> p(x) = 10.5%
glp(x)] =700 if p(x) = 10.5%.
The function g[p(x)] is based on actual practice by a

200

9,09= 500 2. Yous + ALG, 2 Uy = B} Yoo}

)

where Uy, =a,; +a,w;, and Y, A, Gy, B,a,; are
thejth values generated from fi( 2). Thus, with MOD-
RAND, ¥,(X) represents an average yield value calcu-
lated over parameter values for a givenThis approach
allows us to calculate optimal N rates in function of mea-

French agricultural cooperative, which increases the Sured values of end-of-winter mineral soil N. The same

price paid to farmers for grain with a protein content

above 10.5%. Here againis fixed successively at 2, 2.5,

3, 3.5 and 4 Kg™in m,. The third objective function is
mMy(X) = q y(x) —c x— Kir(x)]

where the grain pricqis fixed at 700 FMg~and h[r(x)]

is a penalization function that depends on the residual

mineral nitrogenr(x), as
h[r(x)] =0
h[r(x)] = 250

if r(x) = 35 kgha*
if r(x) > 35 kgha™.

Currently no such penalty exists in France, but the cost of
250 Fha™ seems reasonable since that is approximately

the cost of planting a cover crop during winter to avoid
excessive leaching of nitrate. The threshold of 35k

was chosen because that is about the level of residua
mineral N that induces a water nitrate concentration

higher than the permissible NO concentration of
50 mgl™for drinking water in Europe. The fertilizer cost
cis again fixed successively at 2, 2.5, 3, 3.5 andjF.

approach is used to calculate optimal N rates for gross
marginsm,(x) andmg(x).

2.5. Estimation of the gross margin values
obtained by applying the calculated optimal
nitrogen rates

The method of Antoniadou and Wallach [2] is used to
estimate the expected gross margin values that would be
obtained if the calculated optimal N rates were applied.
Expected gross margin values are estimated directly
from data using local quadratic regressions. Very

oughly, the method uses a non-parametric interpolation

etween the doses actually observed, in order to estimate
what income would result from applying the calculated
optimal N rates. This approach is not based on assuming
that a particular parametric model is correct and so does
not favor any of the two models. A local regression is

EaCh m0de| iS Used to Calculate an Optlmal rate fOI’ performed for each mode'l for each gross margin type

each objective function, for each fertilizer price, and for

and for each N price by using the LOESS function of S-

each site-year in the data set. Optimal N rates are calcup|.ys with a span fixed to 1 (i.e. 100% of the measure-
lated in function of measured values of end-of-winter ments were used to perform each regression) and with a

mineral soil N. For example, the optimal ratg.;for the
gross margim,(x) and for the site-yedris the value ok
that maximizesh,, (X = qy( ¥ — cx, wherey. (X is the

tricube weight function [20]. F tests showed that a
smaller span value is not justified. Information on the ac-
curacy of the local regressions are provided by the



Description of model errors

185

LOESS routine through the standard deviations of the es-yield and no increase in residual mineral soil N at harvest

timated gross margin values.

3. RESULTS-DISCUSSION

3.1. Optimal nitrogen rates

and so is always worthwhile for objective functions
andm,. Above Xyax increasing N leads to no increase in
yield. Only in the case ai, can it be worthwhile to ex-
ceedXyax Since this can lead to an increase in protein
content.

The optimal N rates calculated using MOD-RAND
vary depending on the objective function and the fertil-
izer price (Fig. 2). The average optimal N rates calculated

Figure 2 shows the average optimal N rates calculatedfor gross margirm, with MOD-RAND are in the range

with MOD-FIXED and MOD-RAND. Each average

179-216 keha™, depending on the N price (Fig. 2a). The

value was obtained by averaging 112 optimal N rates cal-average optimal N rate values obtained for gross margin

culated in function of end-of-winter mineral soil N for

m, are higher (203-248 kga®) (Fig. 2b) while the

the different site-years of the data set. For MOD-FIXED, values obtained for gross margim; are lower

the average optimal N rate is 120-kg™ for all three ob-

(173-211 kegha?) (Fig. 2c). For the three gross margin

jective functions and all fertilizer prices, with the single types, the optimal rates calculated with MOD-RAND de-

exception of objective functiom, and fertilizer price at
2 Fkg™ The dose 120 kpa'is the average value of the

crease when the N fertilizer price increases. The average
optimal N rates calculated with MOD-RAND are higher

dose that maximizes yield over the 112 site-years of thethan those calculated with MOD-FIXED by 35 to
data set. The reason that the optimal dose is almost al-112 kgha™ depending on the objective function and on
ways the dose maximizing yield is the form of the re- the fertilizer price. For gross marging andm, the dif-

sponse functions. Below,,,x, where the yield plateau

ference between the two models tends to decrease when

begins, increasing N leads to a relatively large increase inthe N price increases. These results are consistent with
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Figure 2. Average optimal nitrogen rates calculated using MOD-RAND and MOD-FIXED for gross margig, m, (b), m; (¢) and
for five different fertilizer prices. Optimal rates were averaged over the 112 site-years of the data set.
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prices. Arrows indicate maximal gross
margin values.

Figure 4. Responses of gross marging
(&), m, (b) andm, (c) to applied nitrogen
predicted by using MOD-RAND for a site-
year with 65 kgha™ of end-of-winter min-
eral soil nitrogen and for two fertilizer
prices. Arrows indicate maximal gross
margin values.
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Figure 5. Non-parametric estimates (based on measurements) of the expected gross margin values that result from applying the optimal
nitrogen rates calculated with MOD-RAND and MOD-FIXED. The error bars indicate standard deviations of the non-parametric esti-
mates.

the results of Babcock [3]. That author showed analyti- marginm, is insensitive to the N price (Fig. 3a) and is

cally for a simple linear-plus-plateau yield response always equal to the N rate maximizing yield

function that a random plateau (i.e. random maximal (BY,,,, — U,,)/ C,. This rate is equal to 125 Kga* for

yield) induces an increase in the calculated optimal N the site-year considered in Figure 3 and is equal to

rates if the price of N fertilizer is low relative to the price 120 kghain average over the 112 site-years of the data

of the crop. set. On the contrary, the gross margin response curves

predicted by MOD-RAND are all completely smooth

These large differences between MOD-RAND and (Fig. 4). This is due to the fact that, with MOD-RAND,

MOD-FIXED are due to the consequence of assuming each gross margin response curve is obtained by averag-

random parameters on the shape of the predicted grossng 200 linear-plus-plateau response curves (Eq. (2)) re-

margin response curves, as illustrated in Figures 3 and 4sulting in a smooth average curve. Similar results were

for a site-year withw = 65 kgha™. Figure 3 shows that  obtained analytically by Beck and Helfand [5] for a sim-

the gross margin response curves predicted by MOD- ple response function.

FIXED have sharp breaks. For instance, the value of

gross marginm; predicted by MOD-FIXED first in- o ]

creases linearly as a function of applied N and then de-  3.2. Objective function values

creases sharply when the N dose exceeds 12Bakgy

(Fig. 3a). Because of the initial linear section of the gross  Figure 5 shows the non-parametric estimates of the ex-

margin response curve, the N rate maximizing gross pected gross margin values that would be obtained if the
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calculated optimal N rates were applied. Error bars repre-obtained with the fixed parameter model. Thus, itis more
sent one standard deviation, as calculated by the non-parainteresting to use a random parameter model than a fixed
metric regression program. The results discussed in theparameter model for calculating optimal N rates. More
previous section show important differences between thegenerally, the results of this study indicate that the use of
optimal N rates calculated by using MOD-RAND and an appropriate statistical description of error is important
those calculated by using MOD-FIXED. We compare for the quality of model-based decision rules.

here the monetary results induced by the application of

the optimal N rates calculated by the two models.

Figure 5 shows that the expected gross margin values
obtained with MOD-RAND are higher than the values
obtained with MOD-FIXED by 62 to 194.-Ra™ for gross

. ~1 H
rbnaiglsn Tl’zgé%:i t,cl) f319 Fha* for gfoss Ir:narglrmz, and_ _ [1_] Anders_on R.L.', Ne_Ison LA, A fami!y of mode_ls invol-

,y 0 a .or gross margim. For gross mar ving intersecting straight lines and concomitant experimental de-
ginsm, andm, the differences between the monetary re- signs useful in evaluating response to fertilizer nutrients,
sults of the two models are particularly important when Bjometrics 31 (1975) 303-318.
the N prices are belc_)w 3-kg™ (Figs. 5a and 5c). For [2] Antoniadou T., Wallach D., Evaluating decision rules for
these N prices, the differences are larger than two stan-y fertjlization, Biometrics 56 (2000) 194-199.
dard deviations and so can be considered as significant.
The difference between the monetary results obtained
with the two models for gross margimg, and m, de-
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