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The model

yi = ¹ i + " i ; 1 · i · n

(" i ) » i:i:d: F

general problem: recover thesequence(¹ i )

our problem: for 1 · i · n, test: “ ¹ i = 0” v.s. “ ¹ i 6= 0”,
andestimatethenumberof non-zeromeancoef�cients.
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Thr esholding

Hardthresholding:

¹ i = yi if jyi j > ¸

= 0 if jyi j · ¸

Soft thresholding:

¹ i = yi ¡ ¸ if yi > ¸
= ¸ + yi if yi < ¡ ¸
= 0 if jyi j · ¸

. – p.3



Thr esholding

Hardthresholding:

¹ i = yi if jyi j > ¸

= 0 if jyi j · ¸

Soft thresholding:

¹ i = yi ¡ ¸ if yi > ¸
= ¸ + yi if yi < ¡ ¸
= 0 if jyi j · ¸

. – p.3



Cumulativesums

Let y1; y2; : : : ; yn beasequenceof positive i.i.d. randomvariables.
Let m = E (yi ) and¾2 = Var(yi ).

For any 1 · k · n, let Sk =
P k

i=1 yi .

Then,

E (Sk) = k m

Var(Sk) = k¾2

Model :
Sk = E (Sk) + ek
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Numerical experiments
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Cumulativesums

For any K > k,

E (Sk) = k m

E (SkjSK ) =
k
K

SK = kX K

Var(SkjSK ) =
k(K ¡ k)

K ¡ 1
Var(X i jSK )

Model :
Sk = E (SkjSK ) + bk
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Ordering the data

Let y(1) ¸ y(2) ¸ : : : y(n) .

For any 1 · k · n, let Tk =
P k

i=1 y(i ) .

Model?
Tk = E (Tk) + ek

Tk = E (TkjTK ) + bk
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Exponential distrib ution

E (Tk) = k + k
nX

j = k+1

1
j

(' k + k log(n=k))

E (TkjTK ) =
k + k

P n
j = k+1

1
j

K + K
P n

j = K +1
1
j

TK

Wecanconsiderthetwo following regressionmodels:

Tk = k + k
nX

j = k+1

1
j

+ ek;1

Tk =
k + k

P n
j = k+1

1
j

K + K
P n

j = K +1
1
j

TK + ek;2
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Uniform distrib ution

Weshow that

E (Tk) = k ¡
k(k + 1)
2(n + 1)

E (TkjTK ) =
k(K ¡ k)

K + 1
+

k(k + 1)
K (K + 1)

TK

Wecanconsiderthetwo following regressionmodels:

Tk =
2n + 1

2(n + 1)
k ¡

1
2(n + 1)

k2 + ek;1

Tk =
K 2 + TK

K (K + 1)
k ¡

K ¡ TK

K (K + 1)
k2 + ek;2
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Hypothesistesting

Themodel:
yi = ¹ i + " i ; 1 · i · n

(" i ) » i:i:d: F

Hypotheses:

H0 : ¹ 1 = ¹ 2 = ¢¢¢= ¹ n = 0

H1(k) : thereexistsI k = f i 1; i 2; : : : i kg ½ f 1; 2; : : : ; ng s:t:
¹ i = 0 if i 2 I k

¹ i 6= 0 elsewhere
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The algorithm

i) Ordertheobservationsy(1) ¸ y(2) ¸ : : : y(n)

ii) For i = 1; : : : ; n, let xi = ¡ log
¡
1 ¡ F (y(i ) ))

¢
, xi » E(1).

iii) For 1 · j · n, let T0;j =
P j

i=1 xi and bT0;j = E (T0;j jT0;n ).

iv) De�ne theteststatisticDn = maxj jT0;j ¡ bT0;j j=
p

n.

If Dn > d®:
² rejectthenull hypothesis,
² estimatethenumberof signi�cant coef�cients.
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A limiting theorem

For t 2 [0; 1], let dn(t) = T0;[nt ] ¡ E
¡
T0;[nt ]jT0;n

¢
.

Thestochasticprocessdn(t)=
p

n convergesin distribution to azeromean
Gaussianprocess¢ with covariancefunctionde�ned by

E (¢( t)¢( s)) =
Z 1

0

Z 1

0
[(1 ¡ u) ^ (1 ¡ v) ¡ (1 ¡ u)(1 ¡ v)]

£ [1I[0;t ](u) ¡ t + t log(t)][1I [0;s](v) ¡ s + s log(s)]

dG¡ 1(u)dG¡ 1(v);

whereG(x) is thedistribution functionof anexponentialr.v.

Dn de�ned in thetestprocedureconvergesweaklyto ¢ 1 = supt ¢( t)

d® is de�ned asthe® quantileof ¢ 1 .
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Numerical experiments

1. Testing the null hypothesis H0

Thedistributionof Dn = maxk jT0;k ¡ bT0;k j=
p

n underH0 is estimatedby
Monte-Carlo(using5000simulatedsamples).

Here,the(yi ; 1 · i · n) arei.i.d. E(1) r.v.

n n ® 0.50 0.90 0.95 0.99
20 0.27 0.55 0.67 0.93
50 0.29 0.55 0.65 0.82
500 0.29 0.56 0.65 0.83
5000 0.30 0.55 0.64 0.79

Estimated percentiles of Dn under H0 obtained with different values of n

Usinga level ® = 5%, thenull hypothesisH0 is rejectedif Dn > 0:65.
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Numerical experiments

2. Estimating the power of the test
Here,the(yi ; 1 · i · n) arei.i.d. N (¹; 1) r.v.
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Theestimatedpowerof the5%level test,for differentvaluesof ¹ andn.
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Estimating the number of signi�cant coef�cients

i) For 1 · k · n ¡ 1 andk + 1 · j · n, let

Tk;j =
jX

i= k+1

xi and bTk;j = EH 1(k) (Tk;j ):

ii) For 1 · k · n ¡ 1, let

´ k = max
k+1 · j · n

jTk;j ¡ bTk;j jp
n

iii) Let
k̂ = Arg min

1· k· n¡ 1
´ k
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Consistencyof the estimator k̂n

yi = ¹ i + " i ; 1 · i · n

Asymptoticframework AF :

AF1 Thereexistst? 2 (0; 1) andasubsetI k?
n

of f 1; 2; : : : ; ng with k?
n = [t?n],

suchthat¹ i 6= 0 if i 2 I k?
n
. For all otherindex, ¹ i = 0.

AF2 For any i 2 I k?
n
, j¹ i j ¸ ®n, where®n ! 1 accordingto thedistribution

of the(" i ). Let ©(1) bethedistributionof max1· i · n j" i j and(an; bn)
suchthat©(1) (an + bnx) ! W(x) for some�x eddistributionW. Then
(®n) satis�es

®n ¡ 2an

bn
! 1 :
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Consistencyof the estimator k̂n

Theorem0.0 Let (un) beanypositiveanddecreasingsequencesuch thatp
n un ! 1 . Then,undertheasymptoticframework AF,

PH 1(k?
n )

Ã ¯
¯
¯
¯
¯
k̂n

n
¡ t?

¯
¯
¯
¯
¯

> un

!

! 0:

Moreover, for a > 0 thereexist constantsc1; c2 such that, if

un =
c1®n

p
logn

2
p

n
+

c2®n log(n)
2n

;

then

PH 1(k?
n )

Ã

j
k̂n

n
¡ t?j > un

!

· 2e¡ a log(n) + 2P
µ

max
1· i · n

j" i j > ®n

¶
:
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Numerical experiments

3. A sim ulated example

yi = ¹ i + " i ; ; 1 · i · 500

" i » i:i:d: E(1)

¹ i = 6 ¡ 0:03i for 1 · i · 100
¹ i = 0 for 101· i · 500
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Estimating the distrib ution F

AssumethatthedistributionF = F (¢; µ?) of " i dependsonanunknown
parameterµ?.

Let µ̂k;n beanestimatorof µ?, functionof yk+1 ; yk+2 ; : : : ; yn .

De�ne

Tk;j = ¡
jX

i= k+1

log(1 ¡ F (y(i ) ; µ̂k;n ))

Assumethat,underH1(k), µ̂k;n convergesto µ?. Then,

jk̂n ¡ k?
n j = OP (

p
n)
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